We present an analysis of the neutrino oscillation solutions of the solar neutrino problem in the framework of four-neutrino mixing where a sterile neutrino is added to the three standard ones. We perform a fit to the full data set corresponding to the 825-day Super-Kamiokande data sample as well as to Chlorine, GALLEX and SAGE and Kamiokande experiments. In our analysis we use all measured total event rates as well as all Super-Kamiokande data on the zenith angle dependence and the recoil electron energy spectrum. We consider both transitions via the Mikheyev-Smirnov-Wolfenstein (MSW) mechanism as well as oscillations in vacuum (just-so) and find the allowed solutions for different values of the additional mixing angles. This framework permits transitions into active or sterile neutrinos controlled by the additional parameter cos 2 (ϑ 23 ) cos 2 (ϑ 24 ) and contains as limiting cases the pure ν e -active and ν e -sterile neutrino oscillations. We discuss the maximum allowed values of this additional mixing parameter for the different solutions. As a particularity, we also show that for MSW transitions there are solutions at 99 % CL at ϑ 12 mixing angles greater than π 4 and that the best fit point for the zenith angle distribution is in the second octant.
I. INTRODUCTION
Solar neutrinos were first detected already three decades ago in the Homestake experiment [1] and from the very beginning it was pointed out the puzzling issue of the deficit in the observed rate as compared to the theoretical expectation based on the standard solar model [2] with the implicit assumption that neutrinos created in the solar interior reach the Earth unchanged, i.e. they are massless and have only standard properties and interactions. This discrepancy led to a change in the original goal of using solar neutrinos to probe the properties of the solar interior towards the study of the properties of the neutrino itself and it triggered an intense activity both theoretical as well as experimental, with new measurements being proposed in order to address the origin of the deficit.
On the theoretical side, enormous progress has been done in the improvement of solar modeling and calculation of nuclear cross sections. For example, helioseismological observations have now established that diffusion is occurring and by now most solar models incorporate the effects of helium and heavy element diffusion [3, 4] . ¿From the experimental point of view the situation is now much richer. Four additional experiments to the original Chlorine experiment at Homestake [5] have also detected solar neutrinos: the radiochemical Gallium experiments on pp neutrinos, GALLEX [6] and SAGE [7] , and the water Cerenkov detectors Kamiokande [8] and Super-Kamiokande [9, 10] . The latter have been able not only to confirm the original detection of solar neutrinos at lower rates than predicted by standard solar models, but also to demonstrate directly that the neutrinos come from the sun by showing that recoil electrons are scattered in the direction along the sun-earth axis. Moreover, they have also provided us with good information on the time dependence of the event rates during the day and night, as well as a measurement of the recoil electron energy spectrum. After 825 days of operation, Super-Kamiokande has also presented preliminary results on the seasonal variation of the neutrino event rates, an issue which will become important in discriminating the MSW scenario from the possibility of neutrino oscillations in vacuum [11, 12] . At the present stage, the quality of the experiments themselves and the robustness of the theory give us confidence that in order to describe the data one must depart from the Standard Model (SM) of particle physics interactions by endowing neutrinos with new properties. In theories beyond the SM, neutrinos may naturally have new properties, the most generic of which is the existence of mass. It is undeniable that the most popular explanation of the solar neutrino anomaly is in terms of neutrino masses and mixing leading to neutrino oscillations either in vacuum [13] or via the matter-enhanced MSW mechanism [14] .
On the other hand, together with the results from the solar neutrino experiments we have two more evidences pointing out towards the existence of neutrino masses and mixing: the atmospheric neutrino data and the LSND results. The first one can be summarize in the existence of a long-standing anomaly between the predicted and observed ν µ /ν e ratio of the atmospheric neutrino fluxes [15] . In this respect it has been of crucial relevance the confirmation by the Super-Kamiokande collaboration [10, 16] of the atmospheric neutrino zenith-angle-dependent deficit, which strongly indicates towards the existence of ν µ conversion. In addition to the solar and atmospheric neutrino results from underground experiments, there is also the indication for neutrino oscillations in theν µ →ν e channel by the LSND experiment [17] . All these experimental results can be accommodated in a single neutrino oscillation framework only if there are at least three different scales of neutrino mass-squared differences. The simplest case of three independent mass-squared differences requires the existence of a light sterile neutrino, i.e. one whose interaction with standard model particles is much weaker than the SM weak interaction, so it does not affect the invisible Z decay width, precisely measured at LEP [18] [19] [20] [21] [22] .
In this paper we present an analysis of the neutrino oscillation solutions of the solar neutrino problem in the framework of four-neutrino mixing where a sterile neutrino is added to the three standard ones. We perform a fit of the full data set corresponding to the 825-day Super-Kamiokande data sample as well as the data of the Chlorine, GALLEX and SAGE experiments. In our analysis we use all measured total event rates and all SuperKamiokande data on the zenith angle dependence and the recoil electron energy spectrum. We consider both transitions via the Mikheyev-Smirnov-Wolfenstein (MSW) mechanism as well as oscillations in vacuum (just-so) and find the allowed solutions for different values of the additional mixing angles. Our analysis contains as limiting cases the pure ν e -active and ν e -sterile neutrino oscillations. We discuss the maximum allowed values of the additional mixing angles for which the different solutions are allowed.
The outline of the paper is as follows. In Sec. II we summarize the main expressions for the neutrino oscillation formulas that we use in the analysis of solar neutrino data which take into account matter effects in the case of the MSW solution of the solar neutrino problem. We also present some improvement concerning the calculation of the regeneration of solar ν e 's in the Earth in Appendix A. Section III contains the summary of our calculations for the predictions of the different observables. Our quantitative results for the analysis of the four-neutrino oscillation parameters are given in Sec. IV. Finally in Sec. V we summarize and discuss briefly our conclusions.
II. FOUR-NEUTRINO OSCILLATIONS
In this paper we consider the two four-neutrino schemes that can accommodate the results of all neutrino oscillation experiments [20, 21] :
(
In both these mass spectra there are two pairs of close masses separated by a gap of about 1 eV which gives the mass-squared difference ∆m is responsible for atmospheric neutrino oscillations. With this convention, the data of solar neutrino experiments can be analyzed using the neutrino oscillation formalism presented in Ref. [22] , that takes into account matter effects. In this section we present the neutrino oscillation formulas that we use in the analysis of solar neutrino data. The transition probabilities that take into account matter effects in the case of the MSW solution of the solar neutrino problem have been derived in Ref. [22] . Here we present some improvement concerning the calculation of the regeneration of solar ν e 's in the Earth (see the Appendix A).
In four-neutrino schemes the flavor neutrino fields ν αL (α = e, s, µ, τ ) are related to the fields ν kL of neutrinos with masses m k by the relation 2) where U is a 4×4 unitary mixing matrix, for which we choose the parameterization
where
represents a rotation in the i-j 2 × 2 sector by an angle ϑ ij . In the parameterization (2.3) we have neglected, for simplicity, the possible presence of CP-violating phases.
Since the negative results of the Bugeyν e disappearance experiment [33] imply that
2 eV 2 , in the study of solar neutrino oscillations the matrices U 13 and U 14 can be approximated with the unit matrix (i.e. ϑ 13 = ϑ 14 = 0) and we obtain 6) where ϑ 12 , ϑ 23 , ϑ 24 , ϑ 34 are four mixing angles and c ij ≡ cos ϑ ij and s ij ≡ sin ϑ ij . Since solar neutrino oscillations are generated by the mass-square difference between ν 2 and ν 1 , it is clear from Eq. (2.6) that the survival of solar ν e 's mainly depends on the mixing angle ϑ 12 , whereas the mixing angles ϑ 23 and ϑ 24 determine the relative amount of transitions into sterile ν s or active ν µ and ν τ . Let us remind the reader that ν µ and ν τ cannot be distinguished in solar neutrino experiments, because their matter potential and their interaction in the detectors are equal, due only to neutral-current weak interactions. The active/sterile ratio and solar neutrino oscillations in general do not depend on the mixing angle ϑ 34 , that contribute only to the different mixings of ν µ and ν τ , and depends on the mixing angles ϑ 23 ϑ 24 only through the combination cos ϑ 23 cos ϑ 24 . Indeed, from Eq. (2.6) one can see that the mixing of ν s with ν 1 and ν 2 depends only on ϑ 12 and the product cos ϑ 23 cos ϑ 24 . Moreover, instead of ν µ and ν τ , one can consider the linear combinations The mixing of ν a and ν b with ν 1 and ν 2 is given by
Therefore, the oscillations of solar neutrinos depend only on ϑ 12 and the product cos ϑ 23 cos ϑ 24 . If cos ϑ 23 cos ϑ 24 = 1, solar ν e 's can transform in the linear combination ν a of active ν µ and ν τ . We distinguish the following limiting cases:
• If cos ϑ 23 cos ϑ 24 = 0 then U s1 = U s2 = 0, U a1 = − sin ϑ 12 , U a2 = cos ϑ 12 , corresponding to the limit of pure two-generation ν e → ν a transitions.
• If cos ϑ 23 cos ϑ 24 = 1 then U s1 = − sin ϑ 12 , U s2 = cos ϑ 12 and U a1 = U a2 = 0 and we have the limit of pure two-generation ν e → ν s transitions.
Since the mixing of ν e with ν 1 and ν 2 is equal to the one in the case of two-generations (with the mixing angle ϑ 12 ), the mixing of ν s with ν 1 and ν 2 is equal to the one in the case of two-generations times cos ϑ 23 cos ϑ 24 and the mixing of ν a with ν 1 and ν 2 is equal to the one in the case of two-generations times 3 × 10 −4 eV 2 ), the survival probabilities of solar ν e 's is given by [22] 
Here the angle ϑ M 12 is the effective mixing angle in matter corresponding to the vacuum mixing angle ϑ 12 and given by tan 2ϑ 13) with
14)
The quantities A CC and A N C describe the matter effects and are given by (2.15) where N e and N n are, respectively, the number densities of electrons and neutrons in the medium, E is the neutrino energy and G F is the Fermi constant. The effective mixing angle ϑ M 12 in Eqs. (2.12) and (2.10) must be evaluated at the point of neutrino production inside of the Sun. The quantity P c in Eq. (2.12) is the crossing probability given by the usual two-generation formula (see [25] ) and the replacement of the two-generation expression for A with that given in Eq. (2.14) .
During the night solar neutrinos cross the Earth before reaching the detector and regeneration of ν e 's is possible [23] . In the four-neutrino schemes under consideration, the probabilities of ν e → ν e and ν e → ν s transitions after crossing the Earth are given by [22] P Sun+Earth νe→νe ( 2.17)
The probability of ν e → ν a transitions is given by the conservation of probability: P (2.17) can be calculated by integrating numerically the differential equation that describes the evolution of neutrino flavors in the Earth (see [22] ) or by using the analytical solution assuming a step-function profile of the Earth matter density (see [24] ) . However, we notice that the probabilities P 10 −9 eV 2 ), the survival probability of solar ν e is given by the twogeneration formula 19) where E is the neutrino energy and L is the Sun-Earth distance, whose seasonal variations must be taken into account. In this case there is no matter effect during neutrino propagation in the Earth.
III. DATA AND TECHNIQUES
In order to study the possible values of neutrino masses and mixing for the oscillation solution of the solar neutrino problem, we have used data on the total event rates measured in the Chlorine experiment at Homestake [5] , in the two Gallium experiments GALLEX and SAGE [6, 7] and in the water Cerenkov detectors Kamiokande and Super-Kamiokande shown in Table I . Apart from the total event rates, we have in this last case the zenith angle distribution of the events and the electron recoil energy spectrum, all measured with their recent 825-day data sample [10] . Although, as discuss in Ref. [26] the inclusion of Kamiokande results does not affect the shape of the regions, because of the much larger precision of the Super-Kamiokande measurement, it is convenient to introduce it as in this way the number of degrees of freedom for the fit of the rates only is 4 −3 = 1 (instead of zero degrees of freedom), that allows the construction of a well-defined χ 2 min confidence level. For the calculation of the theoretical expectations we use the BP98 standard solar model of Ref. [27] . The general expression of the expected event rate in the presence of oscillations in experiment i in the four-neutrino framework is given by R th i :
where E ν is the neutrino energy, φ k is the total neutrino flux and λ k is the neutrino energy spectrum (normalized to 1) from the solar nuclear reaction k with the normalization given in Ref. [27] . Here σ e,i (σ x,i ) is the ν e (ν x , x = µ, τ ) interaction cross section in the Standard Model with the target corresponding to experiment i. For the Chlorine and Gallium experiments we use improved cross sections σ α,i (E) (α = e, x) from Ref. [28] . For the Kamiokande and Super-Kamiokande experiment we calculate the expected signal with the corrected cross section as explained below. P νe→να is the time-averaged ν e survival probability. In case of MSW transitions P νe→νe and P νe→νs are given in Eqs. (2.16) and (2.17) respectively. For vacuum oscillations we must include the effect of the Earth orbit eccentricity. The yearly averaged probability is obtained by averaging Eq.(2.19) with L(t) = L 0 [1−ε cos 2π t T ]: 2) where ε is the orbit eccentricity (0.0167), L 0 is the average Earth orbit radius (1.496 × 10 8 km) and J 0 (x) is the Bessel function. We have also included in the fit the experimental results from the Super-Kamiokande Collaboration on the zenith angle distribution of events taken on 5 night periods and the day averaged value, which we graphically reduced from Ref. [10] . For MSW oscillations we compute the expected event rate in the period a in the presence of oscillations as,
where τ measures the yearly averaged length of the period a normalized to 1, so ∆τ a = τ (cos Φ max,a ) − τ (cos Φ min,a ) = .500, .086, .091, .113, .111, .099 for the day and five night periods. Notice that for vacuum oscillations there is no matter effect during neutrino propagation in the Earth. In this case R th sk,a = R th sk , as given in Eq.(3.1). The Super-Kamiokande Collaboration has also presented the results on the day-night variation in the form of a daynight asymmetry. Since the information included in the zenith angle dependence already contains the day-night asymmetry, we have not added the asymmetry as an independent observable in our fit.
The Super-Kamiokande Collaboration has also measured the recoil electron energy spectrum. In their published analysis [9] after 504 days of operation they present their results for energies above 6.5 MeV using the Low Energy (LE) analysis in which the recoil energy spectrum is divided into 16 bins, 15 bins of 0.5 MeV energy width and the last bin containing all events with energy in the range 14 MeV to 20 MeV. Below 6.5 MeV the background of the LE analysis increases very fast as the energy decreases. Super-Kamiokande has designed a new Super Low Energy (SLE) analysis in order to reject this background more efficiently so as to be able to lower their threshold down to 5.5 MeV. In their 825-day data [10] they have used the SLE method and they present results for two additional bins with energies between 5.5 MeV and 6.5 MeV. In our study we use the experimental results from the Super-Kamiokande Collaboration on the recoil electron spectrum divided in 18 energy bins, including the results from the LE analysis for the 16 bins above 6.5 MeV and the results from the SLE analysis for the two low energy bins below 6.5 MeV. The general expression of the expected rate in a bin in the presence of oscillations, R th , is similar to that in Eq.(3.1), with the substitution of the cross sections with the corresponding differential cross sections folded with the finite energy resolution function of the detector and integrated over the electron recoil energy interval of the bin, T min ≤ T ≤ T max :
The resolution function Res(T, T ′ ) is of the form [9, 29] : 5) and we take the differential cross section dσ α (E ν , T ′ )/dT ′ from [30] . In the statistical treatment of all these data we perform a χ 2 analysis for the different sets of data, following closely the analysis of Ref. [31] with the updated uncertainties given in Refs. [26] [27] [28] , as discussed in Ref. [32] . We thus define a χ 2 function for the three set of observables χ 2 rates , χ 2 zenith , and χ 2 spectrum where in both χ 2 zenith , and χ 2 spectrum we allow for a free normalization in order to avoid double-counting with the data on the total event rate which is already included in χ 2 rates . In the combinations of observables we define the χ 2 of the combination as the sum of the different χ 2 's. In principle such analysis should be taken with a grain of salt as these pieces of information are not fully independent; in fact, they are just different projections of the double differential spectrum of events as a function of time and energy. Thus, in our combination we are neglecting possible correlations between the uncertainties in the energy and time dependence of the event rates.
IV. RESULTS
As explained in Sec. II, for the mass scales invoked in the explanation of the atmospheric and LSND data and after imposing the strong constraints from the Bugey [33] and CHOOZ [34] reactor experiments, the relevant parameter space for solar neutrino oscillations in the framework of four-neutrino mixing is a three dimensional space in the variables ∆m . In the analysis of the observable rates, we present the results in the common plot of sin 2 (2ϑ 12 ) due to the fact that the allowed region does not extend to ϑ 12 > π 4
. But, when we include the rest of observables we remark that this is not the case, and we present the results as a function of sin 2 (ϑ 12 ) (see [35] ) showing that there is a portion of the space of parameters in the second octant of ϑ 12 allowed at 99 % CL. This enlarged parameter space is also used in Ref. [26] .
We first present the results of the allowed regions in the three-parameter space for the different combination of observables. In building these regions, for a given set of observables, we compute for any point in the parameter space of four-neutrino oscillations the expected values of the observables and with those and the corresponding uncertainties we construct the function χ 2 (∆m ) obs . We find its minimum in the full three-dimensional space considering as a unique framework both MSW and vacuum oscillations. The allowed regions for a given CL are then defined as the set of points satisfying the condition: . Figures 1 and 2 show the results of the fit to the observed total rates only. We find that both at 90 and 99% CL, the three-dimensional allowed volume is composed of three separated three-dimensional regions in the MSW sector of the parameter space (Fig. 1) , which we denote as SMA, LMA and LOW solutions following the usual two-neutrino oscillation picture and a "tower" of regions in the vacuum oscillations sector (Fig. 2) . The values of the minimum of the χ 2 in the different regions are given in Table II . The global minimum used in the construction of the volumes lies in the SMA region and for a non-vanishing value of c 0.5).
As seen in Fig. 1 , the SMA region is always a valid solution for any value of c . This is expected as in the two-neutrino oscillation picture this solution holds both for pure active-active and pure active-sterile oscillations 1 . On the other hand, both the LMA and LOW solutions disappear for a value of the mixing c 0.5(0.3). Unlike active neutrinos which lead to events in the water Cerenkov detectors by interacting via neutral current with the electrons, sterile neutrinos do not contribute to the Kamiokande and Super-Kamiokande event rates. Therefore a larger survival probability for 8 B neutrinos is needed to accommodate the measured rate. As a consequence a larger contribution from 8 B neutrinos to the Chlorine and Gallium experiments is expected, so that the small measured rate in Chlorine can only be accommodated if no 7 Be neutrinos are present in the flux. This is only possible in the SMA solution region, since in the LMA and LOW regions the suppression of 7 Be neutrinos is not enough.
In Table III we give the maximum values of c for which the different solutions are allowed at the 90 and 99% CL according to different statistical criteria which we discuss below. In Fig. 2 we plot the corresponding sections in the vacuum oscillation sector. As seen in the figure, as c for the pure sterile case. Figure 3 shows the regions allowed by the fit of both total rates and the SuperKamiokande zenith angular distribution in the MSW sector of the parameter space. In the vacuum oscillation section no day-night variation is expected. Also plotted is the excluded region at 99 % CL from the zenith angular measurement. This exclusion volume is built as the corresponding three-degree-of-freedom region for the χ 2 of the zenith angular data with respect to the minimum value χ = 0.0. We remark that this minimum is placed in the second octant and this was not included in past analysis of two-flavor MSW solutions although it leads to little effect in the final results of the allowed regions. As seen in the figure and also in Table III , the main effect of the inclusion of the day-night variation data is to cut down the lower part of the LMA region and to push towards slightly higher values the maximum c for which the LMA and the LOW solutions are still valid. In Figs. 4 and 5 we plot the regions allowed by the fit of both total rates and the SuperKamiokande energy spectrum. Also plotted is the excluded region at 99 % CL from the spectrum data which is obtained as the corresponding three-degree-of-freedom region for the χ 2 of the spectrum data with respect to the minimum value χ 2 min,spec = 15.1 which occurs in the vacuum solution sector at ∆m . As seen in the figure and also in Table III, the main effect 1 Notice, however, that the statistical analysis is different: in the two-neutrino picture the pure active-active and active-sterile cases are analyzed separately, whereas in the four-neutrino picture they are taken into account simultaneously in a consistent scheme that allows to calculate the allowed regions with the prescription given in Eq. (4.1). We think that the agreement between the results of the analyses with two and four neutrinos indicate that the physical conclusions are quite robust.
of the inclusion of the spectrum data in the MSW regions is also to push towards slightly higher values the maximum c Figure 4 shows that the LMA region at 99 % CL extends to high values of ∆m 0.8. Figures 6 and 7 show the results from the global fit of the full set of data. The values of the minimum χ 2 in the different regions are given in Table II . The global minimum used in the construction of the volumes lies in the LMA region and for vanishing c corresponding to pure ν e -active neutrino oscillations.
In Table III we give the maximum values of c for which the different solutions are allowed at the 90 and 99% CL according to different statistical criteria. The use of each criteria depends on the physics scenario to which the result of our analysis is to be applied.
• Criterion 1 (C1): The maximum allowed value of the mixing c at a given CL for a given solution is defined as the value for which the corresponding region of the allowed three-dimensional volume defined as a 3-d.o.f shift with respect to the global minimum in the full parameter space, disappears. In the first row in Fig. 8 we plot the values of ∆χ 2 defined in this way for the different solutions as a function of c for the fit of the total rates only (left panels) and for the global analysis (right panels). This criterion is the one used in building the regions in Figs. 1-7 . It is applicable to models where no region of the parameter space MSW-SMA, MSW-LMA, MSW-LOW or vacuum is favored.
• Criterion 2 (C2): The maximum allowed value of the mixing c at a given CL for a given solution is defined as the value for which the corresponding allowed three dimensional region defined as a 3-d.o.f shift with respect to the local minimum in the corresponding region, disappears. In the second row in Fig. 8 we plot the values of ∆χ for the fit to the total rates only (left panels) and for the global analysis (right panels). This criterion holds for models where only a certain solution, MSW-SMA, MSW-LMA, MSW-LOW or vacuum is possible and it yields less restrictive limits.
• Criterion 3 (C3): The maximum allowed value of the mixing c is that for which the corresponding two dimensional region in the sin 2 θ 12 -∆m 2 12 disappears. This criterion is the equivalent to the usual two-neutrino analysis but with ν e oscillating into a state which is a given superposition of active and sterile neutrino.
In the third row in Fig. 8 we plot the difference ∆χ 2 between the local minimum of χ 2 for each solution and the global minimum in the plane sin 2 θ 12 -∆m is larger than the maximum allowed for a given solution, it means that that solution is not allowed in the specific model).
V. SUMMARY AND DISCUSSION
At present, the Standard Model assumption of massless neutrinos is under question due to the important results of underground experiments. Altogether they provide solid evidence for the existence of anomalies in the solar and atmospheric neutrino fluxes which could be accounted for in terms of neutrino oscillations ν e → ν x and ν µ → ν x , respectivelyly. Together with these results there is also the indication of neutrino oscillations in theν µ →ν e channel obtained in the LSND experiment. All these experimental results can be accommodated in a single neutrino oscillation framework only if there are at least three different scales of neutrino mass-squared differences. The simplest way to open the possibility of incorporating the LSND scale to the solar and atmospheric neutrino scales is to invoke a sterile neutrino, i.e. one whose interaction with Standard Model particles is much weaker than the SM weak interaction, so that it does not affect the invisible Z decay width, precisely measured at LEP. The sterile neutrino must also be light enough in order to participate in the oscillations involving the three active neutrinos. After imposing the present constrains from the negative searches at accelerator and reactor neutrino oscillation experiments one is left with two possible mass patterns which can be included in a single four-neutrino framework as described in Sec. II.
In this paper we have performed an analysis of the neutrino oscillation solutions to the solar neutrino problem in the framework of four-neutrino mixing. We consider both transitions via the Mikheyev-Smirnov-Wolfenstein (MSW) mechanism as well as oscillations in vacuum. In what solar neutrinos is concerned our formalism contains one additional parameter as compared to the pure two-neutrino case: cos 2 (ϑ 23 ) cos 2 (ϑ 24 ), where ϑ 23 and ϑ 24 give the projections of the sterile neutrino into each of the two heavier states responsible for explanation to the atmospheric neutrino anomaly. In this way, the formalism permits transitions into active or sterile neutrino controlled by the additional parameter and contains as limiting cases the pure ν e -active and ν e -sterile neutrino oscillations.
We have studied the evolution of the different solutions to the solar neutrino problem in this three parameter space when the different set of observables are included. In Figs. 1 and that the best fit point for the zenith angle distribution is in the second octant.
Our results show that the SMA region is always a valid solution for any value of c . This is expected as in the two-neutrino oscillation picture this solution holds both for pure active-active and pure active-sterile oscillations. On the other hand, the LMA, LOW and vacuum solutions become worse as the additional mixing c Table III and Fig. 8 In this appendix we derive the relation (2.18) between P Earth ν 2 →νe and P Earth ν 2 →νs . In order to see the reason of this relation, it is useful to consider the most general 4 × 4 mixing matrix (without CP-violating phases) given in Eq. (2.3) , that can be written as
with
Let us define the neutrino states
The amplitudes of ν k → ν α transitions in the Earth for k = 1, 2 are given by
where the unitary operator S describes the evolution inside the Earth and S ′ rk ≡ ν ′ r |S|ν k . It has been shown in Ref. [22] that the matter effects inside the Earth can generate only transitions between ν 1 , ν 2 and ν
and the transition probabilities are given by
Since the evolution operator S is unitary, the matrix S ′ is unitary and we have the relations
where P ′ 12 is the probability of ν 2 ⇆ ν ′ 1 transitions, that is equal to the probability of ν 1 ⇆ ν ′ 2 transitions. It is easy to check that the unitarity constraints (A9) are equivalent to the probability conservation relations
Let us notice that by construction the matrix U ′ is such that
and the probability of ν k → ν e transitions inside the Earth depend only on U 
On the other hand, in general, for a given mixing matrix U, the transition probabilities P Earth ν k →να with α = s, µ, τ depend on two independent quantities, P 
also P Earth ν k →να depends only on the elements of the mixing matrix and P ′ 12 :
for α = s, µ, τ . In the approximation ϑ 13 = ϑ 14 = 0 that we use in the analysis of solar neutrino data, we have
Therefore, the condition (A13) is satisfied and we obtain P Earth
Eliminating P ′ 12 from the relations (A16) and (A17), we obtain
In particular, for k = 2 and α = s, we obtain the useful relation (2.18) between P Earth ν 2 →νs and P Earth ν 2 →νe . In general, considering the possibility of small but non-zero ϑ 13 and/or ϑ 14 , if the mixing angles are such that U ′ α1 = 0 for α = s, µ, τ , we have the relation of the three-dimensional volume defined by χ 2 −χ 2 min =6.25 (90%), 11.36 (99%) . The best-fit point in the three parameter space is plotted as a star. Fig.3 but for the measurements of the event rates and the Super-Kamiokande recoil electron energy spectrum. The shadowed area represents the excluded region at 99% CL from the energy spectrum. Fig.2 but for the measurement of the event rates and the Super-Kamiokande recoil electron energy spectrum. The shadowed area represents the excluded region at 99% CL from the energy spectrum.
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